In the present work, we have studied the collective behaviour of a chiral plasma with first and second order dissipative corrections allowed by conformal symmetry. We have derived dispersion relations for ideal, first order and second order MHD for the chiral plasma. We have also used our results to explain the observed pulsar kicks.
I. INTRODUCTION
Relativistic hydrodynamics is useful in understanding several physical systems such as early Universe, astrophysical systems, quark gluon plasma etc. The evolution equations for the variables of the theory viz. local velocity u µ (x), temperature T (x) and chemical potential µ(x) associated with the conserved charges are derivable from conservation of the energy-momentum tensor. It is well known from quantum field theories that the conservation of chiral current is spoiled by parity violating quantum effect known as the chiral anomaly [1, 2] . Recently, kinetic and hydrodynamic theories have been modified to incorporate the parity odd effect appropriately [3, 4] . Example for a plausible system that can be studied using chiral hydrodynamics is the plasma in the early Universe, when there is asymmetry in the left and right handed particle number densities. In the presence of either an external gauge field or rotational flow of the fluid, the parity may be broken and there may be a current in the direction parallel to external magnetic field or in the direction parallel to the vorticity generated due to rotational flow in the chiral plasma. These two currents are known as "Chiral Magnetic Current" (CMC) and "Chiral Vortical Current" (CVC) respectively. The effect due to which CMC and CVC appears, are called as "chiral magnetic effect (CME)" [5] [6] [7] and "chiral vortical effect(CVE)" [8] respectively. The transport coefficients associated with these currents can be parametrized in terms of chiral chemical potential µ A = (µ R − µ L ). These effects vanish in the absence of any net chiral imbalance within the system. These transport coefficients are calculated by several authors by imposing second law of thermodynamics ∂ µ s µ ≥ 0, where s µ is the entropy four current [4, 9, 10] . There are many attempt to explain the chiral effects using modified kinetic theory [11] [12] [13] [14] [15] and it has been shown that there exist collective excitations (different from usual density waves in the standard plasma), called chiral magnetic waves (CMW) [16, 17] and chiral vortical wave (CVW) [18] . Also, there can be gap-less excitations in the presence of dynamical electromagnetic * e-mail: kuttan.mgc@gmail.com † e-mail: arunp77@gmail.com (colour) fields called chiral plasma instability (CPI) [19] [20] [21] [22] [23] . In a recent work [23] , author has found a new type of gap-less collective excitation induced by chiral effects in an external magnetic field. This is a transverse wave known as chiral Alfvén wave and it exists even in the incompressible fluids. It is shown that, these transverse modes, get split when we take account the effect of first order viscous terms along with the ideal terms in the energy momentum tensor [24] . However a detailed study of first and second order conformal chiral viscous hydrodynamics has not been done. In the present work, we have derived dispersion relations using the first and second order conformal viscous hydrodynamics theory in presence of the external background magnetic fields for the chiral plasma. At this juncture its worth introducing the pulsar kicks, as later we use our results from normal mode analysis of chiral magnetohydrodynamics to put forward a novel mechanism to explain it. It was observed that neutron stars often does not move with the same velocity of its progenitor star [25] [26] [27] [28] , but rather with a substantially greater speed. There are several attempts to explain these observations. Interested readers are directed to the Refs. [27, [29] [30] [31] . The exact reasons for the pulsar kick is not known. However, it is believed that it must be because of the way in which supernovae explode. A proper understanding of the cause for pulsar kick may give more insight into the supernova explosion mechanisms. A particular interest in this direction of investigation is to understand whether there is some correlation between the direction of kick velocity and angular momentum, alignment of the magnetic field etc. Though there is no clear idea about these topics yet, it is worth investigating for we believe that, later observations may shed more light onto these questions.
In our discussion, we have adopted (−, +, +, +) signature for the metric, generally used in cosmology and the conformal metric is given by
where τ denotes the conformal time and comoving proper t time is given in terms of the conformal time as τ = dt/a(t). One of the important parameter is Hubble parameter H(t) =ȧ/a (hereȧ = da/dt), which gives the rate of expansion of Universe. The metric given in equa-tion (1) is also known as conformally flat metric as it can be written in terms of flat space Minkowski metric η µν as g * µν = η µν = a −2 g µν . It has been shown that, under a conformal transformation, evolution equations of the fluid remain invariant and one can transform the evolution equations to a flat space evolution equation by redefining the variables, for example magnetic fields and electric fields as a −2 B and a −2 E respectively. Similarly, other thermodynamic variables are scaled with scale factor in expanding conformal flat space-time as: 32, 33] . With the new variables, Maxwell's equation remain same in the conformally flat space-time. In the following discussions, we will work with the above defined comoving quantities.
The rest of this paper is organized as follows: in section (II), we have discussed conformal fluid hydrodynamics for the chiral plasma using a ideal and viscous hydrodynamics. In section (III), dispersion relation for the transverse and longitudinal modes in the case of ideal as well as viscous Hydrodynamics has been derived. In section (IV), we put forward a novel mechanism to explain the pulsar kick using results obtained in the previous section. Last section, is dedicated for discussion and results of the present work.
II. CHIRAL MAGNETOHYDRODYNAMICS
The dynamics of the chiral fluids can be obtained by following covariant evolution equations:
where T µν , j µ V and j µ L,R are the energy momentum tensor and 4-vector and left/right handed currents respectively. The symbol ∇ µ is covariant derivative and is defined as
The left-and right-handed currents are given by
where n L,R is the charge chiral charge density of the left handed and right handed particles in the fluid. However,
In the present work, we have considered a 4-dimensional space-time. Greek indices run from 0 to 4. However, the Latin indices are used for the 3-D spatial-coordinates and are given by (1, 2, 3) . In this 4-D space-time, the electric E µ and magnetic B µ four vectors are totally spatial vectors and they are defined in terms of electromagnetic field strength tensor F µν = ∇ µ A ν − ∇ ν A µ and 4-velocity of the fluid u µ as:
Here A µ being the electromagnetic 4-potential and u µ satisfy
Maxwell's equation can be obtained by generalized Maxwell's equations:
One of the novel feature of the chiral fluid is that, it carries both electric currents j µ V =ψγ µ ψ and chiral/axial currents j µ A =ψγ µ γ 5 ψ (here ψ denotes the fermionic fields). In the basis of the vector and axial currents, the left-and right-handed currents can be written as:
. Therefore, one can write the Vector and axial current using the equations (4)- (5) as
here the transport coefficients n V , n A , ξ, ξ B , ξ A and ξ 
The first two terms in j µ V are conventional drift and OHM current respectively in the electrodynamics, which describes, how electric current flow in the direction of electric field. ξ R,L and ξ B R,L are transport coefficients corresponding to CME and CVE and they are function of chemical potentials of the right-and left-handed particles of the chiral particles and the temperature. 
The most general form of the first order and second order viscous terms, which follows the conformal transformations are given is given as [9, 10, 34] 
Here, σ µν and the vorticity four vectors are related by the
The coefficients η and λ 1 , λ 2 ...., λ 8 in the expressions of energy momentum tensor are transport coefficients and the projection operator Π µν αβ is defined in terms of spatial projection operators P µν as Π
.μ is represents the ratio of the chiral chemical potential and the temperature (µ A /T ). Levi-Civita tensor ǫ µναβ = 1/2ǫ µναβ u ν ∇ α u β , is a purely antisymmetric tensor. In the present work, we have considered the second order viscous corrections, arising from the triangle anomaly [34] , which in turn leads to the modification of the standard electrodynamic magnetic modes in the fluid.
III. DISPERSION RELATIONS
In the upcoming subsections, we have derived dispersion relations for the ideal and viscous chiral fluid using the equations (2) and (3). The evolution equations are
here
. We have derived the dispersion relations for a ideal chiral fluid and viscous fluids in the next two subsections.
Splitting of chiral magnetic modes of a ideal chiral plasma in presence of background magnetic field
In the present subsection, we have revisited the dynamics of the chiral plasma and we have derived the dispersion relations for the ideal chiral fluid. We have rederived evolution equation of the chiral fluid using (2) and (3). We consider the following counting schemes:
. From equations (12-13), one can have the following expressions, in absence of the viscous terms [23] ;
together with the constituent equation,
where,
Here n is the chiral charge density. In the conformally flat FLRW metric, we can obtain the Maxwell's equation using equation (6) as
here n is the total charge density. Above B, E, n and J are all quantities in the conformally flat space. In order to do the linear analysis, we take: ε = ε 0 +δε, p = p 0 +δp, n = n 0 + δn, u µ = u µ 0 + δu µ = (1, 0) + (0, δv) (here we have taken Lorentz factor γ ≈ 1), T µν = T µν 0 + δT µν , E = δE and B = B 0 + δB. Subscript "0" denotes the background values of the corresponding quantities. Substituting these back to the (14) and (15) and keeping only the terms linear in perturbations, we obtain,
where, v s = (dp/dε) 1/2 is the speed of sound in the medium and ω = ∇ × v is the vorticity. The above expressions have to be supplemented with Maxwell's equations. In the infinite conducting (ideal plasma) limit Maxwell's equations lead to [35] ,
Differentiating (23) with respect to time and using (24) we get,
where, v A = B 0 /(ε 0 + p 0 ) 1/2 is speed of the Alfvén wave. To study the normal modes, we take δv(t, x) = δv ω,k e −i(ωτ −k·x) . Thus Eq. (25) take following form in the Fourier space.
When the propagation vector k is perpendicular to the background magnetic field B 0 (v A ), which means that v ω,k k, we have from the above expression,
which corresponds to the mixing of Alfvén modes with sound waves present in occur standard plasma generally known as the magneto-sonic waves. For a transverse perturbation travelling along the background field, we get,
In the absence of any chiral vorticity (ξ = 0) this mode reduces to standard Alfvén mode ω = ±v A k, corresponds to the propagation of wave along and opposite to B 0 . Thus from Eq. (28), we observe that the standard Alfvén mode split in the chiral plasma. Furthermore, both the modes travel with different group velocity viz. v
In the upcoming section, we will discuss the importance of the splitting of the wave modes in details.
Chiral Hydrodynamics with first order hydrodynamics of a chiral plasma
In the present section, we have done linearization of equation (2) in presence of background magnetic fields using first order dissipative viscous corrections for the chiral plasma. Using equation (2), the evolution equation with viscous effect can be written as:
Similar to the previous section, we can obtain dispersion relation for the transverse and longitudinal propagation.
To do so, we have taken Fourier transform of the time derivative of the equation (30) and considered following two cases:
(31) Above we have used time derivative of δε from equation (29) in equation (30) . Second term represents the first order viscous effects and modes will damp exponentially due to this term. However, third term proportional represents the mixing of the Alfven and sound modes. This mixed mode will propagates with the (v 2 s + v 2 A ). However, due to the first order viscous effect in the chiral fluid, modes will damp exponentially.
Case ii. when k B 0 In this case, we consider δv ω,k B 0 and δv ω,k ⊥ B 0 . For (k B 0 and δv ω,k B 0 ) :
ii(a).
ii(b). However, for, k B 0 and δv ω,k ⊥ B 0 ,
3. Chiral Hydrodynamics with second order hydrodynamics of a chiral plasma
In this case, we have considered the total energy momentum tensor:
where 2) are defined in equations (9), (10) and (11) respectively. To simplify the second order linearisation of the chiral hydrodynamics, in the present subsection,we have considered a homogeneous plasma for which ∇µ = 0 in absence of electric field. The zeroth order and perturbed energy momentum tensor is
The (00) and (0i) component of the perturbed energy momentum tensor can be found using Eq. (36) as
For a incompressible fluid (∇ · δv = 0), the ν = 0 component of the equation (2) gives ∂δε/∂τ = 0. Similarly for ν = j, the conservation equation (2) gives-
Taking time derivative of equation (40) and replacing ∂δB ∂τ from equation (24) and taking Fourier transform
Dot product of the above equation with k will give v A · δv = 0. Now two cases are possible: k δv and k ∦ δv.
Case i. When k δv. In this case, if k · v A = 0, dispersion relation will be similar to the viscous incompressible viscous fluid, i.e. ω = iη 0 k
Case ii. When k ∦ δv, and (
IV. A NOVEL MECHANISM FOR PULSAR KICKS
We use our results for a qualitative calculation of the observed pulsar kick [36] [37] [38] . There are several attempts to explain the reason for the kick, for eg. see the references [39] [40] [41] [42] . Recently there have been attempts to explain the pulsar kick using chiral magnetic effect Ref. [31] . But the exact reason for the pulsar kick is still unknown.
In order to calculate the pulsar kick, we consider the energy flux associated with the Alfvén mode. Further we note that the energy flux associated with the wave is energy density times the group velocity [43] , in our case which is the Poynting vector P = E × B [43, 44] . In the momentum space, which can be expressed as,
where A is the magnitude of the vector potential A ω,k . Using (28) we get [45] ,
From Eqs. (28) and (45), we infer that there is a preferential transport of energy due to the difference in group velocity of the Alfvén modes. The additional amount of energy transported is given by,
This is essentially the excess amount of momentum carried by the photons leaving pulsar per unit area per unit time. Therefore the kick experienced by the pulsar can be written as,
where, M N S ∼ 10 30 kg is mass of the neutron star, ∆t is the duration which pulsar kick lasts and Area = πr 2 is the anomaly coefficient and µ l = ε/n l ∼ 300 MeV. We also assume the temperature T ∼ 10 MeV and k = A ∼ T . Using these values we get ∆V N S ∼ (10 2 − 10 3 ) km/s for B 0 ∼ (10 12 − 10 13 ) Gauss, which is within the limits of observed pulsar kicks.
V. RESULTS AND DISCUSSIONS
In this work, we have considered chiral hydrodynamics which may be relevant in treating plasma whose constituents particles are massless. We have done the linear analysis to study the behaviour of the modes allowed within such plasmas. We have shown within the ideal hydrodynamic limit that, the longitudinal modes behaves in the same way as in standard plasma and the propagates with |v g | = v 2 s + v 2 A , however, the transverse mode, travel with different group velocities in the direction parallel and opposite to the background magnetic field. Since the group velocity depends on the anomaly coefficient ξ ∝ [µ R (T )−µ L (T ))], this distinction vanishes only if the plasma has no chiral imbalances. Using this result, we have estimated pulsar kick and shown that the kick velocity ∆V N S can be of the order of 10 2 −10 3 km/s for a background field strength B 0 ∼ (10 12 − 10 13 ) Gauss (for strength of the background magnetic fields see [35] ), which matches with the observations. Next we have considered chiral hydrodynamics with first and second order dissipative terms allowed by the conformal symmetry and done the linear analysis. We have shown that the collective modes of the chiral plasma get substantially modified in presence of the external magnetic fields due to the dissipative terms. For k B 0 and δv ω,k B 0 , in absence of the first order viscous term, we have sound waves propagating parallel and anti-parallel to the external magnetic field. However, in presence of dissipative terms, the modes damp due to viscosity. Furthermore, when k B 0 and δv ω,k ⊥ B 0 the frequency ω get modifications from first order dissipative terms which in turn result in the damping of the modes. In the case of k ⊥ B 0 , sound waves and Alfven modes of the plasma get mixed up. However, they get damped at smaller scale due the the first order viscous corrections. It is to be noted here that, the chiral effects are seen only in the case of k B 0 . The analysis done in the case of the second order hydrodynamics is quite completed than ideal chiral and first order hydrodynamics. We have considered that chiral potential and the temperature of the plasma is homogeneous (i. e. ∇µ = 0 ∇T = 0) and ∇ · δv = 0. When k·v A = 0 for k δv, modes of the plasma will only damps due to the viscosity. However, in the case of k · v A = 0, Alfven modes modified due to the second order viscosity term. In equation (42) , second term represent the chiral Alfven term. Due to the second and third term, collective modes of the plasma grow. However, due to first and fourth term, these modes will be damped exponentially. This is one of the important result of our work. In the last part of the work, we have found a completed cubic dispersion equation.
So, to conclude the work, we have shown using first and second order conformal hydrodynamics that our results are consistent with the previous results. In the case of second order conformal hydrodynamics, for the chiral plasma, we have shown that the transport coefficients related with the second order conformal hydrodynamics actually contributes into the dispersion relations. We have calculated pulsar kick and we have found that the pulsar kick can be explained by chiral effects of the plasma at very high temperature.
